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Abstract

We derive the asymptotic distributions of degenerate U- and V-statistics of stationary and ergodic
random variables. Statistics of these types naturally appear as approximations of test statistics.
Since the limit variables are of complicated structure, quantiles can hardly be obtained directly.
Therefore, we prove a general result on the consistency of model-based bootstrap methods for
U- and V-statistics under easily verifiable conditions. Three applications to hypothesis testing
are presented. Finally, the finite sample behavior of the bootstrap-based tests is illustrated by a
simulation study.
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1. INTRODUCTION

Many important test statistics can be rewritten as or approximated by degenerate U-
or V-statistics. Well-known examples are the Cramér-von Mises statistic, the Anderson-
Darling statistic or the y2-statistic. In this paper we derive the limit distributions of U-
and V-statistics based on random variables from a strictly stationary and ergodic process.
While the asymptotics of these statistics have been already derived in the case of mixing
random variables, there is no such result under the weaker assumption of ergodicity. The
latter condition is partly motivated by processes of interest in statistics which are known
to be ergodic but do not satisfy any of the usual mixing conditions. As an example, an
Lo-test for the intensity function of a Poisson count model is discussed in Section [5.3| below.
According to Neumann| (2011)), the underlying process is ergodic but not mixing in general.
As in the majority of papers in the literature, we employ a spectral decomposition of the
kernel to obtain an additive structure where we can use a central limit theorem to proceed
to the limit. Most of the existing results have been derived under prerequisites that can
hardly be checked in many applications; cf. Section [2| for details. Here, we avoid any
of these high-level assumptions. This is achieved by a restriction to positive semidefinite
kernels and by a condition slightly stronger than the usual degeneracy property. It can be
seen from the examples presented in Section [5| that these conditions are often fulfilled in
statistical applications. When composite hypotheses have to be tested, then an estimator
of the parameter enters the statistic. It turns out that the effect of estimating the unknown
parameter is asymptotically not negligible. We also derive the limit distribution in this case.

Although the limit variables have a simple structure as weighted sums of independent
x? variates, we cannot use these results to determine asymptotically correct critical values
for tests of hypotheses. This is because the weights in the limiting variables are in most
cases only implicitly given as eigenvalues of some integral equation which in turn depends
on the distribution of the underlying random variables in a complicated way. Therefore,
problems arise as soon as critical values for test statistics of U- and V-type have to be
determined. The bootstrap offers a convenient way to circumvent these problems, see
Arcones and Ging| (1992)), Dehling and Mikosch| (1994) or Leucht and Neumann (2009) for
the i.i.d. case. To the best of our knowledge, with the exception of |Leucht| (2011), bootstrap
validity has not been studied when the observations are dependent. While Leucht imposed
non-standard assumptions on the dependence structure of the underlying process, we use
classical ergodicity here and prove consistency of general bootstrap methods. Moreover, we
use techniques of proof that are completely different from those employed by |Leucht| (2011])
which results from the fact that we do not have covariance inequalities at hand under
our weaker assumptions regarding the dependence structure of the underlying process.
Furthermore, our Lemma is of interest on its own. There we extend well-known results
on the convergence of Hilbert-Schmidt operators and the associated eigenvalues.

The paper is organized as follows. In the subsequent Section [2| the limit distributions
of degenerate U- and V-statistics are established. Section |3]is dedicated to statistics with
estimated parameters. We provide a general result on the consistency of bootstrap methods
in Section [] while three possible applications are presented in Section Afterwards, in
Section [6] we report the results of a small simulation study. All proofs are deferred to the
concluding Section [7]

2. ASYMPTOTIC DISTRIBUTIONS OF U- AND V-STATISTICS

Assume that we have observations Xi,..., X, from a stationary and ergodic process
(Xt)ter with values in R%. For convenience of presentation, we assume to have a two-sided
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sequence, i.e. T' = Z. In this section we are concerned with the asymptotic behavior of the
U- and V-statistics

1 1<
Up=— Y WXeX) and V= - > (X, Xy).

n
1<s,t<n, s#t s,t=1

We impose the following assumption.

(A1) (i) (Xy)ez is a strictly stationary and ergodic process with values in R
(i) h: R4 x R? — R is a symmetric, continuous and positive semidefinite function,
ie,Ver,...,em €R, xy, ...,z € R and m € N, Z?szl ¢icjh(zi, zj) > 0.
(iii) Fh(Xo, Xo) < 0.
(iv) E(h(z, X¢) | X1,...,X;-1) = 0 a.s. for all x € supp(P*?).

Remark 1. (i) Concerning the dependence structure we do not assume anything beyond
ergodicity of the underlying process. It is well known that strong mixing implies ergod-
icity; see e.g. Remark 2.6 on page 50 in combination with Proposition 2.8 on page 51 in
Bradley (2007). On the other hand, there exist interesting processes which are ergodic
but not mixing. /Andrews| (1984) has shown that a stationary AR(1) process (X;)icz given
by X; = 0X;_1 + &¢ with i.i.d. Bernoulli distributed innovations is not strongly mixing.
However, ergodicity is preserved under taking functions of an ergodic process. If (g¢)iez
is a strictly stationary and ergodic process, Y; = g((...,&¢—1,t), (€t+1, €t+2, - . .)) for some
Borel-measurable function g, then (Y;);ez is also ergodic; see Proposition 2.10 on page 54
in Bradley| (2007)). Since the above autoregressive process can be represented as a linear
process in the g’s, it follows that it is also ergodic. Another example of an ergodic and
non-mixing process is considered in Section below.

(ii)  For certain classes of processes, it can be much easier to prove ergodicity rather than
mixing. While a verification of mixing properties often requires advanced coupling tech-
niques, the above example shows that one can sometimes get ergodicity almost for free.
It is known that any sequence (g¢)icz of i.i.d. random variables is ergodic. Hence, it is
immediately clear that (Y;)iez with Y; = g((...,e1—1,€1), (€141, €142, .. .)) is also ergodic.

Remark 2. (i)  Within the proofs of the subsequent results, we require EhZ(XO,)?O) <
oo, where Xy denotes an independent copy of Xy. Note that it follows from positive
semidefiniteness of h that

h(w, 2)h(y, y) — B (, y) = det <( Zgg Zgzg )) > 0.

Therefore, we obtain under (A1) that Eh%(Xo, Xo) < (Eh(Xo, Xo))? < .

(i)  Condition (Al)(iv) implies degeneracy of the kernel, i.e. Eh(z,X;) = 0 Va €
supp(PXO). We show in Section |5 that typical test statistics in time series analysis can
be approximated by V-statistics with a kernel satisfying our condition (A1)(iv). This con-
dition is not fulfilled in general when the classical Cramér-von Mises statistic is applied to
dependent data.

There are two approaches in the literature to derive the limit distributions of U,, and V.
If the X, t € Z, are i.i.d. real-valued random variables, one can express V,, in terms of
the empirical process, that is, V,, = [[ h(z,y) G, (dz) Gyn(dy), where G, () = v/n(F,(z) —
F(z)), Fo(x) = n7 130 1(Xy < 2) and F(z) = P(X; < x). Then one can employ
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empirical process technology to derive the limit distribution that is in this case described as
a multiple stochastic integral of the kernel under consideration, with respect to increments of
a centered Gaussian process; see e.g. Babbel| (1989) and Borisov and Bystrov| (2006). Similar
techniques have been invoked by Dehling and Taqqu (1991) to obtain the asymptotics of
U-statistics under long-range dependence. We do not pursue this approach here since it
can get quite difficult to prove the required tightness property of the empirical process if
nothing beyond ergodicity is assumed; see Remark 1 in [Fokianos and Neumann! (2011]).

The other approach consists of first approximating the U- and V-statistics by weighted
sums of products of partial sums and then applying a central limit theorem (CLT) to these
sums. The classical method is based on the spectral theorem for self-adjoint Hilbert-Schmidt
operators; see Dunford and Schwartz| (1963, p. 1087, Exercise 56). If Fh%(Xo, Xo) < oo,
we can represent the kernel h as

) =) A Dpla) Di(y). (2.1)
P

Here, (A;)x is a possibly finite enumeration of the nonzero eigenvalues of the equation

E[h(z, Xo) ©(Xo0)] = A @(x), (2.2)
repeated according to their multiplicity, and (®y); are associated orthonormal eigenfunc-
tions, i.e. E[®;(X0)Pr(Xo)] = 0,k In the case of an infinite number of nonzero eigenvalues,

convergence of the infinite series (2.1)) has to be understood in the Lo-sense, that is,

2
( X(),X() Z)\kq)k X() X())) Kjo 0.

This approach works perfectly well in the case of independent random variables since it is

easy to show that U, can be approximated by UT(LK), which denotes the U-statistic based
on the underlying sample and the kernel

K
) = D A Bp(x) Dp(y).
k=1

The latter statistic can be written as
K 1 n 2 1 n
U =N " | [ ==  @p(X BN X10.¢
n ; ! \/ﬁ; k(Xt) - ; (Xy)

and the limit can be obtained by an application of a CLT and a law of large numbers to
the inner sums; see e.g. |Gregory| (1977) and Serfling (1980).

This method has been adopted for mixing random variables by Eagleson| (1979), |Carl-
stein (1988) and Borisov and Volodko| (2008) as well as for associated random variables by
Dewan and Prakasa Rao (2001) and Huang and Zhang (2006). In the case of dependent
random variables, however, this approach requires some care. As pointed out by [Borisov
and Volodko (2008), approximation (2.1)) is valid for almost all ,y € supp(P*°). However,
it is not guaranteed that the joint distribution of X; and X, is absolutely continuous with
respect to PX0 @ PXo that is, might fail on a set with nonzero measure. Borisov and
Volodko| (2008) have shown that this problem does not appear if an additional smoothness
assumption on the kernel h is imposed what we therefore also do here. Furthermore, while
a proof of the fact that

limsup{E (Un - U}LK>)2} 0

n—00 K—o0



5

is very simple in the independent case, it can be much more cumbersome in the case of
dependent random variables, particularly if only ergodicity is at our disposal. Mainly for
this reason, the authors of the above named papers imposed conditions on the eigenvalues
and eigenfunctions whose validity is quite difficult or even impossible to verify for many
concrete examples in statistical hypothesis testing. To avoid these problems, Babbel (1989)
and [Leucht| (2011) used a wavelet expansion of the kernel function. They obtained different
representations of the limit variables than those appearing from a spectral decomposition
and which are not suitable for our purposes. Moreover, we cannot adopt the corresponding
approximations because of the lack of the respective covariance inequalities under ergodicity.

It turns out that under assumption (A1) the spectral decomposition of the kernel can be
invoked successfully in the stationary and ergodic setting. Indeed, it follows from a version of
Mercer’s theorem given in Theorem 2 in Sun| (2005) that holds for all z,y € supp(PX°).
Although we have now pointwise convergence in , we still have to show that U,, and V,

can actually be approximated by U,(LK) and Vn(K)7 respectively. Deviating from the above
mentioned papers, we do not prove convergence in Lo since this would require covariance
estimates that are not available under ergodicity alone. At this point our assumption of h
being positive semidefinite, together with the degeneracy condition (A1)(iv), proves to be
of help. We will need in fact only a few monotonicity arguments and (A1)(iv) to show that
sup {E|Vn — Vn(K)\} — 0.
n K—o0

This approximation together with a CLT for sums of martingale differences allows us to
derive the limit distribution of V,,. The limit of the corresponding U-statistic is then
obtained by the ergodic theorem since V;, — U, = n~ !> 1 h(Xy, Xt) 2% Eh(Xo, Xo).
The following theorem contains the asymptotic results on the U- and V-statistics.

Theorem 2.1. Under the assumption (A1),
Vo 5 2= N2 and U, -5 Z — Bh(Xo, Xo),
k

as n tends to infinity. Here, (Zy)k is a sequence of independent standard normal random
variables and (\;)i denotes the sequence of nonzero eigenvalues of the equation , enu-
merated according to their multiplicity.

Remark 3. It can be seen from Theorem that the limit distributions of V,, and U,, are
the same as if Xi,..., X, were independent and identically distributed. This is due to
assumption (A1)(iv) which implies that (®x(X;))ien is a martingale difference sequence.
In the case of i.i.d. random variables, it is well-known that these limits can be described
by multiple stochastic integrals; see e.g. Section 1.4 in Dynkin and Mandelbaum, (1983]).
Therefore, we could alternatively represent our limits by such integrals.

3. APPROXIMATION OF TEST STATISTICS OF CRAMER-VON MISES TYPE

Statistics of Cramér-von Mises type are an important tool for testing statistical hy-
potheses. While such a statistic has exactly the form of a V-statistic in the case of a simple
null hypothesis, it can often be approximated by a degenerate V-statistic in the more rele-
vant case of a composite null hypothesis. In Proposition below we state a quite general
approximation result for Lo-type statistics with estimated parameters. We consider kernels
of the form

hz,y,0) = /H[hl(a;,z,ﬁ)]’hl(y,z,Q) Q(dz), (3.1)



6

for some vector-valued function hy: R xIIx © — R™, IT C R?, © C RP, and a probability
measure Q. (Throughout this paper prime denotes the transposed of a vector.) The cor-

responding U- and V-statistics based on random variables X1, ..., X,, and an estimator é\n
of By are
U, (6, _ ! WX, X1, 0,) d V., —lnh(XX§)
nn)—n Z sy <3ty Up an nn)—nz sy <2ty Un).
1<s,t<n, s#t s,t=1

Statistics of this type were considered by|de Wet and Randles| (1987)) in the case of i.i.d. ran-
dom variables. We present three specific applications in the context of stationary and er-
godic processes in Section [5| below. We impose the following assumption.

(A2) (i) (Xy)tez is a strictly stationary and ergodic process with values in R
(ii) The parameter estimator admits the expansion

— by = th + op(n~1?%),

where Iy = L(X;, Xy—1,...) for some measurable function L,
Egy (It | X¢—1,X¢—2,...) = 0, a.s. with 0, denoting the p-dimensional vector of
zeros, and By, ||l¢]|3 < oo.

(iii) The function hy satisfies [, [|h1(z,2,60)[3Q(dz) < oo for all z € R? and it
holds [i; [|h1(z, z,600)—h1(Z, 2, 60) |3 Q(dz) —7—« 0. Moreover, Eg, (h1(X¢, z,600) |
X¢,X¢—1,...) =0 a.s. Vz € L and [;; By, ||h1(Xo, z,00)]13 Q(dz) < oc.

(iv) The function h; is continuously differentiable w.r.t. # in a neighborhood U =
{60 € ©: 160 —6ll2 < 6}, 8 > 0, of Oy for all (z',2")" € supp(P¥0) x II. Addi-
tionally Ey, [; |h1(Xo, 2, 00)||% Q(dz) < oo and

Ey,

/H sup {Hh1(X0,z,0) — hl(Xo,z,Go)Hi} Q(dz)] — 0,

6: ||6—6||2<5
where ||A]|r = (30, 25:1 |a; ;|#)1/? denotes the Frobenius norm of a matrix
A = (ai5)i=1,...m; j=1,...p-
The following proposition states that U- and V-statistics with kernels involving a pa-
rameter estimator can be approximated by statistics with appropriate fixed kernels.

Proposition 3.1. Suppose that (A2) is fulfilled. Then

~ ~ ) ~ 1 ~
Un(Bn) = Un + 0p(1) with Up = — > (X X)

1<s,t<n, s#t
and
~ ~ ~ 1 o~
Va(0n) = Voo + 0p(1) with V, = = > h(X., Xy),
nst:l

where X; = (X[, 1) and
hayy) = / (ha (21, 2,60) + Eg i (X1, 7 60)] 22)’
11

x (h1(y1,2,00) + Eeo[il1(X172790)] y2) Q(dz).
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Remark 4. Due to the latter proposition, the asymptotic distributions of Un(gn) and Vn(an)
coincide with those of U, and V,,. Their limit in turn can be deduced immediately from
Theorem 2,11

4. BOOTSTRAP CONSISTENCY

The limit distributions of degenerate U- and V-statistics depend on the eigenvalues of
equation . The explicit derivation of these quantities is usually very complicated or
even impossible. Moreover, they depend on an unknown parameter g in the setting of Sec-
tion |3| Thus, quantiles of the (asymptotic) distributions of degenerate U- and V-statistics
can hardly be determined directly. The bootstrap offers a suitable tool to circumvent these
difficulties. Denote by (X} ):cz a bootstrap process which is constructed on the basis of the
sample X71,...,X,, and introduced to mimic the unknown stochastic properties of (X;)cz.
As usual, starred symbols such as P* and E* refer to the distribution associated with X},
conditioned on X7,..., X,. In order to verify bootstrap consistency, we assume:

(B1) (i) The bootstrap process (X )iez is strictly stationary with probability tending
to one and takes its values in R%. Additionally,

p* sup
w: |lw]2<K

i.e. the empirical bootstrap measure converges weakly to PX¢ in probability.

(ii) The kernels of the bootstrap statistics h*: RY x R? — R are symmetric, positive
semidefinite, and equicontinuous on compacta in probability, i.e. VK < co,e >
0, z0,yo € R%, 3§ > 0 such that

1 n
N ' s
§ : ezw X3 EOO ezw X

> e) L0 VK < 00,e>0, (4.1)
n
t=1

P sup sup |h*(z,y) — h*(x0,y0)] > €| — 0.
20,90 [|zoll2,llyoll2<K z,y: [lz—wzoll2,ly—yoll2<6 noree
(i) h*(z.y) = h(z,y) Ve,y € supp(P0).
(iv) E*h* (X7, X7) -2 Eh(Xo, Xo).
v) E*(h*(z, X)) | X} {,...,X{) =0a.s. Yz € supp(P*X0).

Remark 5. A verification of (4.1) seems to be difficult at first glance. However, suppose
that, based on the underlying sample X,, = (X1,...,X],)’, we can construct on an appro-
priate probability space (2,.4, Q) versions (Xt(n))tzl’._m and (X:(n))tzlv__,n of the processes

(X)i=1...n and (X )i—1.. n such that Qe — p(Xe)e (XD — p(XP)t and
1 « ~ ~
Q(anin{HXf — Xt||2,1}>€> L0 Ve>0 as n— oo (4.2)
t=1

Then (4.1) is an immediate consequence. We show for the example of Poisson count pro-
cesses in Section below how such a coupling can actually be constructed. We think
that this can also be done for other model-based bootstrap schemes when the processes

satisfy a certain contractive condition. Furthermore, it might be expected that X;' 4, Xy
in probability is some sort of minimal requirement for bootstrap consistency. It can be
seen that this also follows from (4.2)). The following lemma clarifies the connection between

(4.1), (4.2), and the latter convergence result.
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Lemma 4.1. Suppose that (Xi)iez is a strictly stationary and ergodic process on a proba-
bility space (2, A, P).

(i) If (Xt(n))tez, n € N, are processes on (2, A, P) with
1 & n
—Zmin{HXt( ) Xt||2,1} £y,
i
then

P sup 1§ _ peierxo
w: |lw]2<K

n

> e) — 0 VK <o0,e>0. (4.3)
t=1

(ii) The relation implies Xén) 45 Xo.

We introduce the bootstrap counterparts of the statistics U,, and V,:
n 1 n
U= Y WGLXD) and V= S ST RXLXD).

1<s,t<n, s#t s,t=1
To derive the limit distributions of U} and V' we will again use a spectral decomposition
of the corresponding kernel function h*. We denote by (A\})j the sequence of nonzero eigen-
values of the equation E*[h*(z, X5) ®(X)] = A ®(x), arranged in non-increasing order and
according to multiplicity. Moreover let the eigenvalues (A )y of Elh(x, Xo) ®(Xo)] = A ®(z)
also be arranged in non-increasing order and according to multiplicity. It is well-known from
functional analysis that the eigenvalues of two Hilbert-Schmidt operators converge if the
corresponding kernels converge in Lo(Qx, Ax, Px). However, according to our knowledge,
there is no such result if additionally the underlying Hilbert spaces vary, i.e., if we have
Ly (Qx, Ax, P)((n)) instead of La(Qx, Ax, Px). The following result turns out to be crucial
for proving bootstrap consistency.

Lemma 4.2. Suppose that (A1) and (B1) are fulfilled. Then

sup [\, — Akl o
k

Distributional convergence of the bootstrap statistics towards the limits of V,, and U,
implies bootstrap consistency if the limit distribution function is continuous. The latter
property is ensured if P(h(Xo, Xo) # 0) > 0. The following theorem summarizes the results
concerning bootstrap consistency.

Theorem 4.1. Under the assumptions (A1) and (B1),
Vv Ny and U, LNy Eh(Xo,Xo) in probability.

If additionally P(h(Xo, Xo) # 0) > 0, then
sup |P*(U < z) — P(Up < )| =50 and sup|P*(V < z)— P(V, < z)| - 0.
xeR zeR

As a last result in this section, we derive consistency for the bootstrap counterparts of
the statistics with estimated parameters that have been investigated in Proposition [3.1] and

Remark We write R = op=(ay) if P*(||R}||2/]an| > €) 40, Ve > 0, and assume:



(B2) (i) The parameter estimator 5* € © C R? admits the expansion

A é\ — th +OP*( 1/2)’
where [} = Lgn(Xt,X;Ll,...) for some measurable function Lg , E*(} |
* * * * P
X{y Xigeoo) = Op as. and E* 173 2> I3,
(ii) (B1)(i) holds true for (X;); with X; = ((X})', (I})").
(iii) The function hy satisfies supgey [ip |21 (2, 2,0)[3Q(dz) < 0o Vo € R? and

U={0€0O:]6—0bl2<0d},d>0. It holds
fHth(x,z,G) hi(z,2,0))3Q(dz) — 0 as  — z and § — 6 € U. Moreover,

E*(hi (X}, 2,6y) | X/ 4, ., X]) =0y, as. Yz € Il and

/HE*IM(Xf,zﬁn)II%Q(dz)i>/HE90||h1(X1,z,ﬂo)H%Q(dz)-

(iv) The function h; is continuously differentiable w.r.t. # in ¢/ and

* 2 P
E F} Q(dz)| =0,

/ sup {th lez 0) hl(Xik7Z7§n)
g ||0—0,2<6

/HE*Ihl(XS,Zﬁn)II%Q(dz)i>/HEeollhl(Xo,z,GO)II%Q(dZ)-

The function h; satisfies supyey, Jr |h1(x, 2,0)||% Q(dz) < oo, Y& € R Tt
holds [y, || (x, 2,0) — hi(z,2,0)|%Q(dz) — 0 asz — z and § — 0 € Y.

Defining the bootstrap counterparts of Un(gn) and V, (5 ) as

—~ 1 —~ ~
V@) =~ Y AX5;,0)  and LS hxz X )
n 1<s,t<n, s#t s t=1

we obtain the following result.

Proposition 4.1. Under the assumptions (A2) and (B2),

Vi) -5 7= "Nz and  ULB) D Z — Eg (X0, Xo) i probability,
k
where h is defined as in Pmposition (Zk)k s a sequence of independent standard normal
random variables and (A;)r denotes the sequence of nonzero eigenvalues of the equation
Egy[h(x, X0)P(X )] A®(xz), enumerated according to their multiplicity.
If additionally Pgo(h(Xo, Xo) #0) >0, then
*k * * n P

sup ‘P (Un(ﬁn) < ;13) — Py, (Un(Hn) < x)‘ — 0

TSN
and

sup | P* (V; T(O) < 3) = Poy(Va(0n) < )] = 0.

5. APPLICATIONS

In this section we present three different goodness-of-fit tests with test statistics that
can be approximated by V-statistics.
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5.1. A goodness-of-fit test for the conditional mean function of a time series.
Let (X)iez with X; = (Y/,I]_;)’ be a strictly stationary and ergodic process with values
in R? x R™. In this part we are concerned with a test for the following problem:

Ho:  E(Yi|Li—1) = f({4—1,60) a.s. for some fp € © CRP  vs.
Hi: P(E(Yi|Li—1) # f(li-1,0)) >0 VO €O.

There is already a great variety of specification tests regarding the conditional mean in the
literature. For a comprehensive overview of approaches in the i.i.d. as well as in the time
series case, we refer the reader to Escanciano| (2007)). Here, we consider the test statistic

71 = [ | s 0= At 3wt et

where w denotes a certain weight function and é\n is an estimator for the unknown param-
eter fy. This type of statistic has also been investigated by Escanciano (2007) in the case
of real-valued response variables Y;. However, since he invoked empirical process theory in
order to establish the asymptotic null distribution, he had to impose a condition on the
conditional distributions which is not fulfilled e.g. by Poisson count processes considered in
Section below. We avoid such a condition with our V-statistics approach which does
not require a tightness proof for the underlying process. Fan and Li (1999) proposed a test
based on a similar statistic. While their test statistic is based on a non-parametric estima-
tor with vanishing bandwidth of the conditional mean function, we use the corresponding
fixed-kernel estimator instead. In comparison to our work, the method of |Fan and Li| (1999))
is more suitable to detect local alternatives with sharp peaks while it suffers from a loss of
power against so-called Pitman alternatives, see also [Fan and Li (2000) for a comparative
overview.

(G1) (i) (Xi)tez with Xy = (Y/, I]_,) is a strictly stationary and ergodic process.
(ii) The sequence of parameter estimators (én)neN satisfies (A2)(ii) with I, =
1(X+,6).
(iii) The function f is continuous and continuously differentiable w.r.t. its second
argument in a neighborhood U(6y) of 8y and Ep, || f(Io,60)||% < co. Moreover,

. . 2
Ey, sup Hf(foﬁ) - f(foﬁo)H — 0,
0: |0—00ll2<5 F| 0—0
(iv) Eg,(Yi—f(Iy-1,00) | I—1, X¢—1, X¢—2,...) = 0 a.s. and Eg,||Yi—f(L;—1,00) |3 <

00.
(v) The weight function w: R™ x R? — R is bounded and [;; w(z, 2) w(y, 2)Q(dz)
is continuous in x and y.

Note that the first moment assumption of (G1)(iv) implies (A1)(iv). It is equivalent to H
if Eg,(Yi—1|lt—1, X¢—1,Xt—2,...) = Ep,(Ye—1|It—1). The subsequent result follows immedi-
ately from Remark

Corollary 5.1. Under (G1),

GUNERS P
k

where (Zy)r is a sequence of i.i.d. standard normal random variables and (A,(Cl))k is the
sequence of nonzero eigenvalues of the equation Eg,[h™)(x, Xo) ®(Xo)] = A ®(x) with x =
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(2,25, y = (], v5) € RY x R™ and kernel
W, y) / {(a1 — fla2,00) w(we, 2) — an[f(fo,eo)w(fo,z)]l(:p,GO)}/

<{(y1 = f(y2,00) w(y2,2) — Eogolf (Lo, 00) w(lo, 2)] (3, 00) } Q(d2).

It can be seen easily that under the alternative H;
= / IE[(Y1 — f (o, 60)) w(Io, 2)]||> Q(dz) + op(1).
I

if E||Y1]|3 < oco. Under additional conditions concerning the weight function, the leading
term is strictly positive; see e.g. |Bierens and Ploberger| (1997) or |Stinchcombe and White
(1998). Thus under H;, we get

P(T,@>K) —1 VK <.

n—oo

While [Escanciano (2007) proposed a wild bootstrap method to determine critical values
of the test, one can alternatively employ certain model-based procedures in view of our
Proposition The latter approach may perform better since the bootstrap counterparts
of the observed process converge to the original ones which does not hold true for the
wild bootstrap. For instance, the algorithm proposed by |Leucht| (2010) is applicable for

some special cases of the present framework. In particular, the author verifies X7 NS e 1
in probability. In conjunction with a weak law of large numbers (Lemma 5.1 in [Leucht
(2011))), this implies the validity of (B1)(i).

5.2. A goodness-of-fit test for the conditional distribution of Markovian time
series. It might happen that the conditional mean functions of two models coincide whereas
their conditional distribution functions are essentially different. In what follows, we are
concerned with the question whether the conditional distribution of a time series belongs
to a certain parametric class. A review of the literature on this topic is given by Bierens and
Wang (2011)). Inspired by Neumann and Paparoditis| (2008]), who established a Kolmogorov-
Smirnov-type test for the conditional distributions of AR(p) and ARCH(p) processes, we
consider a test of Cramér-von Mises-type for the validity of certain Markovian time series
models of order m. More precisely, based on

M = {Px,, | P(X; € B|o(Xs,s<t))=P(X, € B|o(Xs,;t—m<s<t)VBebB,tel}

and
Mo = {Px,, | Xi = G(Xi_1,61,0) <= ey = H(X;_1, Xy,0) ~ F. 1id,,

e C Rp’ X1 = (Xt/—l’ cee 7X1{—m)/}

with known measurable functions G and H, G monotonically increasing in its second argu-
ment, the following problem is illuminated:

Ho: P(Xt)t € My versus Hi: P(Xt)t € M\MQ.

Here, we suggest a test statistic of Lo-type based on the empirical cumulative distribution
function:

T = /RdxH {\}ﬁg [IL(Xt <21) — FE(H(Xt—hZhé\n))} w(Xt—lv@)}QQ(dz)?

where z = (2}, 25) € R? x I, IT C R%™. §,, is an estimator for the unknown parameter g
and @ is a probability measure on R? x II. (z < y means that x; < y; Vi.) In order to
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derive the asymptotics of the test statistic under the null, we assume:

(G2) (i) (Xy)iez is a strictly stationary, ergodic process in M with values in R,

(ii) The sequence of parameter estimators satisfies (A2)(ii) with I; = [( X}, X;—1, 6p).
(iii) F; is continuously differentiable.

(iv) H is continuous and partially continuously differentiable w.r.t. its third com-

ponent in some neighborhood U(6y) of fy. Additionally,

Jwarer Bool| Fe(H (Xo, 21, 00)) H (Xo, 21, 00) w(Xo, 22)[|% Q(dz) < 00 and

/ sup {
RAXTII 0: ||0—00|l2<d

— Fo(H(Xo,21,00)H (Xo,z1,90>H w (Xo,22)|}Q(dz)] 0,

Eg, (H(Xo, 21,0))H (X, 21,0)

(v) The weight function w: R¥™ x II — R is continuous and bounded. The prob-
ability measure @ is absolutely continuous w.r.t. the Lebesgue measure.

Again by Remark {4 we obtain the limit distribution of T\,(LZ).
Corollary 5.2. Suppose that (G2) holds. Then, under Ho,

GRS S
k

where (Zy)r is a sequence of i.i.d. standard normal random variables and ()\,(f))k is the
sequence of nonzero eigenvalues of the equation Eg,[h® (z, Xo) ®(Xo)] = A ®(z) for z =
(@), 25, y = (v, y5) € R x R¥™ and with kernel

h(Z)(x7y) = /Rd H{[]l(xl < 21) — FS(H(.CCQ,Zl,Qo))]’LU(CCQ,ZQ)

— Eg,[FL(H(Xo, 21,00)) H(Xo, 21, 00) w(Xo, 22)] {(,60) }
x {[1(y1 = 21) F(H(ymzl,@o))] (y2, 22)
— Eg[F-(H(Xo, 21,00)) H(Xo, 21, 00) w(Xo, 22)] 1y, o) } Q(d>=).

Concerning the behavior of the test statistic under the alternative hypothesis, we have

1 ~ 2
ETAQ) = /d {E[(]l(Xt = 2’1) — Fa(H(Xt_l,21,90))w(Xt_1722)} } Q(dz) + Op(l).
RéxII
Thus for suitably chosen weight functions w and probability measures (), one obtains
P(f}f) >K) —1 VK <.
n—oo
To approximate critical values of the test, model-based bootstrap methods can be em-

ployed. Naturally, one would draw bootstrap innovations (¢} )¢=1,.., according to an esti-
mator of F.. After determining an initial value X, the bootstrap sample can be generated

iteratively, X; = G(X}_,, ¢}, gn) Then quantiles of the empirical distribution of
7@ _ / {L zn: (1(XF = 20) = B(H(Xy,21,0,))] w(XZ‘_l,ZQ)}QQ(dz)
RixT V1 B

are used to estimate critical values, where 5:; denotes the bootstrap parameter estimator.
Again Proposition can be invoked to verify the validity of this algorithm under certain
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regularity conditions on the function G and the innovation distribution function F.. As
two concrete examples we mention AR(p) and ARCH(p) bootstrap methods and refer the
reader to Neumann and Paparoditis| (2008) for details.

5.3. A goodness-of-fit test for Poisson count processes. Assume that observations
Yo, ..., Y, are available, where ((Yz, \t))iez is a strictly stationary process with

Y| Fi—1 ~ Poisson()\),
Fi=0Y, A, Y1, M—1,...). We assume that
At = f(A—1, Y1),

with a function f: [0,00) x Ny — (0,00), Ng = N U {0}. Models of this type have been
considered before e.g. by Rydberg and Shephard (2000)), [Streett| (2000)), [Davis, Dunsmuir
and Streett| (2003), [Ferland, Latour and Oraichi (2006), Fokianos, Rahbek and Tjgstheim
(2009), |Gao, King, Lu and Tjgstheim| (2009)), Fokianos and Tjgstheim| (2010)), Neumann
(2011)), and Fokianos and Neumann (2011). According to Theorem 2.1(i) and Theo-
rem 3.1(iii) in [Neumann| (2011), the contractive condition (G3)(i) below ensures the ex-
istence of a unique strictly stationary and ergodic solution ((Yz, A\t))tez to the system of
model equations above. However, these processes are not mixing in general; see Remark 3

of Neumann (2011)) for a counterexample.
A first goodness-of-fit test for the problem

Ho: fe{fo]|0cO} Versus Hi:f¢{fo| 00O}

with © C RP based on the statistic G, = n=/23 " [(V; — )2 Yt] was discussed by
Neumann, (2011). Here, 9 was any \/ﬁ consistent estimator of 6, A1 an arbitrary initial
value, and, for t = 2,...,n, N = I3, ()\t 1,Y;—1). [Fokianos and Neumann (2011) proposed

a Kolmogorov-Smirnov-type test based on the statistic sup, ‘ > (Ve = Xt)/\/ }\\t)w(z —

E,l) ’, where I, = (YS,/)\\S)’. They investigated the asymptotics of their test statistic em-
ploying empirical process theory and assumed the involved weight function w to be Lipschitz
continuous in order to be able to prove tightness of the corresponding process. In particular,
they failed to include the natural case of indicator weight functions; see Remark 1 in their
paper.

Below we derive the limit distribution of an Lo-type statistic by means of our results
on V-statistics, where we allow for a more general class of weight functions. We consider
the following test statistic:

n 2
T® = /H{\/lﬁZ(Yt—Xt) w(z—fft_l)} Q(dz),
t=1

where @ is a probability measure on IT = Ny x [0, 00).

Proposition and Theorem cannot be used directly for deriving the limit distri-
bution of 7" since this statistic has not the structure required in Proposition m The
estimated intensities Xt do not form a stationary process and since we do not want to as-
sume that w is differentiable, we cannot simply treat the effect of estimating 6y by §n in
w(z — ftﬂ) by a direct Taylor expansion. It can be shown by backward iterations that,
for given (Y;)icz and 6 € O, the system of equations Ay = fop(A—1,Yi—1) (t € Z) has a
unique stationary solution (A;(0)):cz, where A\¢(0) = gg(Y;—1, Yi—2,...) for some measurable
function gp; see also the proof of Theorem 3.1 in [Neumann| (2011). In the technical part
below we will use /\t(Q ) as a substitute for A;. Of course, we have that A; = A (6p).
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In order to show that the test statistic behaves asymptotically as a degenerate V-statistic
and to derive its limit distribution on the basis of Theorem we assume:

(G3) () [fo(\y) = foX9)] < k1A = A+ kaly — 5], VAN >0, 9,5 € No, 0 € © with
|0 — 6pll2 < 6 for some § > 0, k1,ke > 0 and Kk := K1 + K2 < 1.
(i) [foAy) = fo, (M)l < Cll0 = bolla(A +y + 1), VA > 0,y € No,0 € © with
|0 — o2 < 6 for some § > 0.
(iii) A¢(9) is continuously differentiable w.r.t. ¢ in some neighborhood of 6y such
that Eg,A\3(0y) < oo and Fjy,[supy. 10—60]|2<5 1 A1(6) — A (00)|2] — 0 as 6 — 0.
(iv) The weight function w is non-negative, bounded, and satisfies

Sup/ w(z = (y,M1)") — wiz = (y,22)) Q(dz) = O\ — Aal).
yeNp JII

(v) The parameter estimator admits the expansion
1 n
On — 00 == li+op(n~'/?),
n 0 n £ t P( )

where I; = Lg,(Y%,Yi—1,...) with some measurable function Lgy,. Moreover,
Egy(It] Fi—1) = 0, a.s. and Ey, ||l]|3 < oo.

Remark 6. (i) Assumptions (G3)(i) to (iii) are satisfied for instance in the case of linear
Poisson autoregressions; see |[Fokianos and Neumann| (2011)).
(i1) (G3)(iv) is obviously satisfied if w is Lipschitz continuous. It is also satisfied if w is
of bounded squared variation in its second argument, that is,

M
sup sup D lwly, A1) — wiy, \)* < oo.
YENg —co< A< A1 <+ <A pr<oo, MeN j=1

This includes the case where w(z — I;_1) = 1(I;—1 < 2).

(iii) (G3)(v) is satisfied for the conditional maximum likelihood estimator in the case of
linear Poisson autoregressions; see e.g. Fokianos, Rahbek and Tjgstheim| (2009). It
is also fulfilled for the least squares estimator in the model A\; = 61 — 62Y;_1; for
more details see below.

The following lemma shows that the test statistic can be approximated by a statistic as
required in Theorem [2.1

Lemma 5.1. Suppose that (G3) is satisfied. Then

. 1 «
T = 5 37 WX, X)) + op(1),

s,t=1

where Xy = (Yy, M, I[_1, 1), t € N and
W@y = [ {2 - ) - By (a0 wz - 1))
11

x {1 = y2) w(z = ys) — [Egy (A (00) w(z — To)'a } Q(dz),
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The proof of this lemma can be found in an extended version of this paper, Leucht and
Neumann, (2011)).

Corollary 5.3. Suppose that (G3) is satisfied. Then, under H,

GUNERS SV
k

where (Zi)k is a sequence of i.i.d. standard normal variables and ()x,(cs))k is the sequence of
nonzero eigenvalues of the equation Eg [h®) (z, X1) ®(X1)] = A ().

Under H1, we obtain

LT = [ [BOG = M)tz — Ta(60)] @Ud2) + op()
I

n
which in turn implies
P(f,§3>>K) —1 VK <o

n—oo

under suitable assumptions on w and Q.
Finally, we suggest a parametric bootstrap method to determine critical values of the
test:

(1) Determine 6,,.

(2) Generate an initial intensity A§ and, for ¢ = 0,...,n, generate conditioned on
Ao ALY, -, Yy counts Yy~ Poisson(A7), where A7 = f5 (A_y, Y 4).

(3) DetermineAgfl such that r — 0, =n! S i+ 0p*(1).A

(4) Generate A} = fé\;( 71, Y ), t € N, with an arbitrary A§.

(5) Compute the bootstrap test statistic

e~ | [jﬁgm* “X wz - I Quz).

We can again approximate the bootstrap version of the test statistic by a bootstrap
V-statistic. Consistency will then follow from Theorem In our simulations presented
in the next section, we restricted our attention to a null hypothesis with

At = 01 + 0231,

where 6 € © := {(01,02)": 6; > 0,0 < 03 < 1}. The model equation can be rewritten in
form of a linear autoregressive model as

Y = 01 + Y1 + &,

where &, = Y; — \; satisfies E(e; | F4—1) = 0 and E(¢? | F;_1) = \. Here, the unknown
parameter 6 = (61,02) can be most easily estimated by least squares, i.e.,

~

_ ; _ _ 2
Op = arg {gg(g;(Yt 01 — 02Y;1)”.
It will be shown in the course of the proof of Lemma [5.2] below that

~ ~ 1 &
O = O =~ I + op-(n'/?),
t=1
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* — * * * * * 1 EY* 43
where I} = M~ (Y =\, Y (Y= A), M = ( EY; E(YOQ)Q ) Among the conditions

summarized in (B1), (4.1]) seems to be the most difficult one to check. We therefore conclude
this section with an assertion that allows us to apply Lemma which yields that (4.1
holds true.

Lemma 5.2. Suppose that the conditions imposed above hold true. Then there exists a
coupling of X1,..., Xy and X5,..., X} on a probability space (2, A, P) such that

I~ . . P
EZmln{HXt — X} |l2, 1} = 0.

Hence, we obtain bootstrap consistency as indicated above.

6. SIMULATIONS

We explored the finite sample behavior of our bootstrap-based tests by a few numerical
examples. We considered the goodness-of-fit test for Poisson count models of Section
and we assumed that observations Yy, ...,Y, from a strictly stationary process ((Y;, \¢))ez
are available, where

Y | Fi—1 ~ Poisson(\;),
Fi = o(Ye, M, Yio1, Me—1,...). To keep the computational effort at a reasonable size, we
restricted our attention to the simple case of Ay = f(Y;—1). The null model was a linear
specification for f, that is,

Hy: felg: gly) =01+0y for (01,65) € O},

where © = {(01,62)": 61 > 0,0 < 6y < 1}. The parameter § = (01,6,) was estimated by
least squares and we used the test statistic

n 2
~ 1

Our choice of w(z1,z2) = 1(_; 1)(:171)]1 1)(z2) and Q = Q1 ® Q2 with @1 = Poisson(1)
and Q2 = Exp(1) led to
~1

e
_ 72 e — A (Y — A) Zﬂ(ll)k Vo)l (b = Yier) 57
s,t=1 k=0

X / L1yA = X)Ly 1y (A = Amy)e M dA
0

n
= 5 0SS
X max {0, emmax{ls =LA -10} _ - min{xs—l‘f‘l,xt_l"rl}} _
To get some impression about the power, we considered three different alternatives,
HP): fly) =61 + Orye ¥,
HP: fy) =00+ 00— ),
Hfg): fly) = 01 + O2e7Y;

see Figure 1. In all four cases, we have chosen #; = 0.5 and 62 = 0.7. To obtain critical
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FIGURE 1. Intensity functions under Hy (black), Hl(l) (blue), H1(2) (green), and
hza%2 (red)
1 .

values, we generated 500 bootstrap samples according to the model-based method described
in Section Size and power were estimated on the basis of 500 simulation runs. The
implementations were carried out with the aid of the statistical software package R; see R
Development Core Team, (2007). The results for nominal significance levels o = 0.05 and
0.1 and sample sizes n = 100,200 and 300 are shown in Table 1. It can be seen that the

Table 1. Rejection frequencies
o =0.05 \ a=01

T 2 3 1 2 3
| [ [ aP [P o [ [T [P
100 || 0.080 | 0.212 | 0.274 | 0.700 || 0.121 | 0.310 | 0.414 | 0.798

200 {] 0.070 | 0.438 | 0.480 | 0.922 || 0.126 | 0.572 | 0.608 | 0.964
300 {| 0.056 | 0.600 | 0.566 | 0.992 | 0.102 | 0.708 | 0.678 | 0.996

prescribed size is kept fairly well. The power behavior is very satisfactory for all of our
alternatives. Having a particular alternative in mind, the power can even be increased by
a tailor-made choice of the weights w and @; cf. Anderson and Darling (1954)) in the case
of generalized Cramér-von Mises statistics.

7. PROOFS

Proof of Theorem [2.1. We denote by (Ax)r an enumeration of the positive eigenvalues of
in decreasing order and according to their multiplicity and by (®)x the corresponding
eigenfunctions with E[®;(Xo)®,(Xo)] = 6j5. To avoid an explicit distinction of the cases
whether the number of nonzero eigenvalues of is finite or not, we set Ax := 0 and
®, =0, Vk > L if the number L of nonzero eigenvalues is finite. It follows from a version
of Mercer’s theorem (see Theorem 2 of Sun! (2005) with X' = supp(P*?)) that

K—oo

K
W (@, y) = Y M @r(z) @u(y) — h(z,y)  Va,y €supp(PX).  (7.1)
k=1

The convergence of the series in is absolute and uniform on compact subsets of
supp(PX0) := {z € R? | Vopen O : x € O = PX0(0) > 0}. The prerequisites of this
result can be checked fairly easily here. Of course, PX? is nondegenerate on supp(PX°)
and there are compact sets A7 C Ao C ... such that supp(PXO) = Ux2 A,. Assump-
tion 1 of [Sun| (2005) is a consequence of E|h(Xp, Xo)| < co. Moreover, (A1) implies his
Assumptions 2 and 3 in view of the Propositions 1 - 3 in that paper.
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We define

Z WO (X, Xo).

stl

It follows from the non-negativity of the eigenvalues A that

2
Vo — VI = = ZAk<Z®k )20.

k K+1

Therefore, from EV,, = Eh(Xp, Xo) < oo and ([7.1) we obtain by majorized convergence
that

ElV, - V®| = E [h(XO,XO) - h(K)(XO,XO)} — 0. (7.2)
—00

This means that we can actually approximate V,, by VTEK). We rewrite this quantity as

K
Vi = Mz

k=1
where Z,, = n~ Y231 | ®,(X;). Next we will show that
Zn 1
S|~ Nk Ix), (7.3)
Zn K K
where i denotes the K x K identity matrix and K < L. By the Cramér-Wold device it
suffices to show that, for arbitrary real cy,...,ck,

K K K
Z Cl Zn,k i) Z Ck Zk ~ N (0, Z C%) . (74)
k=1 k=1 k=1

Let Y; = Zk 1 ¢ Pr(X¢). We will show that the Y;’s satisfy the conditions of a CLT from
McLeish| (1974). It is clear that the process (Y;)icz inherits the properties of stationarity
and ergodicity from (Xy)iez. Let Fy = o(Xy, ..., X1). It follows from (iv) of assumption
(A1) that

Mo E(@(X) | Fior) = / E(h(z, X}) | Fio1) @p(z) PXO(dz) = 0,

which implies that
EY | Fi-1) = 0. (7.5)

Furthermore, we have that EY? = ka:l cjen B[®;(X)®r(Xy)] = Sp, 2. Since
(Y})tez is stationary and ergodic, we obtain by the ergodic theorem (see e.g. Theorem 2.3
on page 48 in Bradley| (2007)) that

1 n K
= I Al 2. :
DRTEES o 9
t=1 k=1
Finally, since EY;? < oo, we conclude that the Lindeberg condition is fulfilled, that is,

1 n
EZE[YRI(]YA >eV/n)] — 0 Ve>0. (7.7)
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From (7.5)) to (7.7) we see that the conditions of the CLT of McLeish| (1974, Theorem 2.3)
are fulfilled, see also his comments after this theorem. Therefore, ((7.4) and also ([7.3]) hold
true which implies by the continuous mapping theorem that

K
v A 7200 = N\ z2. (7.8)
k=1
Finally, since Y o2, Ay = Eh(Xo, Xo) < 00, we obtain
_ g =
E|Z — 7)) ;}:{Ak 0 (7.9)

Applying Theorem 3.2 from Billingsley| (1999), we see that ([7.2)), (7.8) and (7.9)) imply
that

v, -4 7.

Using once more the ergodic theorem, we obtain
1 ¢ a.s
- > (X, Xy) 5 Eh(Xo, Xo),
t=1

which proves that
U, -5 Z — Eh(Xo, Xo).
O

Proof of Proposition[3.1. We consider the V-statistic first and decompose the integrand in
Vn(6y) as follows:

1 < ~
- = Z h’l(Xtv Z, 0n)
VS

3

1 .
% o {hl(Xt72790) + E@g[hl(XhZ,GO)] lt}

NE

. . 1<
+ (hl(Xt,z,Qo) — Eeo[h1(X1,2,90)]) nz;ls

t

I
R

(hl(Xtyzaé\n) — hi(Xy, 2,00) — hl(Xtazaeo)(é\n - 90))

+
Sl= sl §l-
M=

t=1
n_ R 1 n
X n - - S
+ ;hl( 4,2, 00) (9 6o n;z)
=: Sp(2) + Rni1(2) + Ru2(2) + Rn3(2). (7.10)

Since

. 2
o, | [ 1,218 @) = B | [ |a(x0.2000) + Byl (2,000 ) Q)| < o
it suffices to show that

Thi = /HRm(z)\gQ(dz) = op(1) fori=1,2,3.
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To prove negligibility of T}, 1, we will first show that

R
= 37 R(Xe Xb) 5 Opep, (7.11)

s,t=1

where 0,x, denotes the (p x p) null matrix and
~ : : . .
wg) = [ (inz060) = Eaylin (0,2600)) (. 2,60) — Eay (X2, 00)]) Qo).

Denote by h(%3)(z,y) the (i,7)th entry of h(z,y) and let E%i}j)(:v,y) = (WD) (2, y) A M)V
(—M). It follows from the ergodic theorem that

n
P, :=n! Sy, = PXo a.s.,
t
t=1

which implies that P, ® P, = PX° ® PX0 holds almost surely. Therefore, and since E%iij)
is a bounded and continuous function we obtain that

1 = 6 (i, as. [ 7(ij ~(i,j >
3 2 (X X)) = / WD ap, @ P, 5 [ B apXe o pXo = Eg BU) (X0, Xo)
s,t=1
(7.12)
holds for all M < oco. Furthermore, it follows from the Cauchy-Schwarz inequality that

R (@, )| < AR @, ) RO () < 6D (@, 2) v RO (3, ),
which implies by (A2)(iv) that

1 o= ~(ii .y
sup ¢ Egy |- SRS (X, Xe) — RO (X, Xy)

s,t=1
1 & o ~
< sup{ — > By [[RD (X, X0 LR (X, X)) > )]
n s,t=1
< By [EW) (X1, X1) 1D (X1, X1) > M)]
+ Ep, [E(j’j)(Xl,Xl) 1(AYU9) (X, X;) > M)}
— 0.
M—o0

This yields
Eeoﬁyij)(Xoa)?o) — Eeoﬁ(i’j)(XOJN(O) =0,
M—o0
which implies in conjunction with |D that 1) holds true. Since n~1/2 Sonls =
Op(1) we obtain from (7.11]) that
Tna1 = op(1). (7.13)
From (A2)(iv) and 8, — 6y = Op(n~'/2) we conclude

n

10, — 003 ’
Tho = n — 7002 /(Z sup Hh1(Xt,Z,0) —h1(Xt,z,90)HF> Q(dz)

n =1 0: [10—00]|2<][8—00]|2
= op(1). (7.14)
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Moreover, we get from (A2)(ii) and (iv)

1 no. 2 ~ 1 - 2
Ts < - /HZhl(Xt,z,eo)HFsz) X 1O = 00— > L
t=1 s=1
op(1). (7.15)
Finally, (7.10]) and ( - ) to ((7.15) yield the approximation result for the V-statistic. The
result for the U-statistic can be obtained in a similar manner. O

Proof of Lemmal[{.1. Since |e®® — e%| < min{|z — y|,2} Vz,y € R, we obtain

n

Z ezw X(n) % Z ezw

t=1

1 n
< =Y min {K 1x™ - Xt||2,2} L.
ot ol | "=

Furthermore, since (X;)cyz is strictly stationary and ergodic, we obtain by Corollary 11.3.4
in Dudley| (1989) that

a.s.

., .y,
- ezw Xy Eezw Xt 07

sup
wi fwll2<K | T

t=1

which completes the proof of (i).
It follows from (4.3) that we can choose for arbitrary € > 0 a sequence (K, )nen with
K,, — oo as n — oo such that

1 « (n)
. n .
- oW X Flew Xo

P sup
w: [lwl|2<Kn | T

holds. Therefore we obtain by Jensen’s inequality, for fixed w € RY,

1 Zn: iw' X (™ iw’ X
— et — pe o
n

t=1
< €+ 20, Vn with w2 < K.

n—oQ

> e) =9, — 0
t=1

‘Ee”’Xén) — Ee¥X0| < B

.. . 7 yr(n) - (n)
This implies that Ee™ X0 oo Ee™ X0 ¥ and hence PXo  — PXo, O

Proof of Lemma[{.9 We intend to invoke Corollary XI.9.4(a) from Dunford and Schwartz
(1963, page 1090) to derive the desired estimate for the eigenvalues. In the case of two
eigenvalue problems,

/ g(e.y) B(x) r(dy) = A ®(z)  and / g7 (2, 9) () 7(dy) = A B(z),

with symmetric, positive semi-definite functions g and g*, denote by (u)ren and (14})ken
the corresponding eigenvalues, arranged in decreasing order and repeated according to mul-
tiplicity. According to symmetry of the functions g and g*, the associated Hilbert-Schmidt
operators 1" and T™ are self-adjoint. Moreover, they are positive in view of the positive
semi-definiteness of the kernels g and g*. This implies that (T,4;T)"/? = |T| = T and
(T;d]T*)l/ 2 = T*. Therefore, (ux)ren and (u})ren coincide with the so-called character-
istic numbers, i.e. the eigenvalues of (T,47T)"/? and (T i L *)1/2. Now it follows from the
corollary mentioned above and Lemma XI.6.2 of Dunford and Schwartz (1963, page 1010)
that

Sgplﬂz — | < T =T,
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where || - || denotes the Hilbert-Schmidt norm satisfying

|T* =T = \///(9*(5%) — g(z,y))? 7(dz) 7(dy);

see Exercise XI1.8.44 in [Dunford and Schwartz| (1963, page 1083).
To prove the assertion of the lemma, we have to compare the eigenvalues of the eigen-
value problems

/M%@¢@P%Mw=A@@) (7.16)
and

[ @ @) P () = 2 0Ga) (7.17)

Unfortunately, the integrating measures, PX0 and P*X0, are not the same and the above
corollary cannot be applied directly. In what follows we replace the eigenvalue problems
(7.16)) and (7.17) by equivalent ones with one and the same integrating measure. It follows
from (B1)(i) that X; N Xo, which implies (XS,)NC{)") LN (Xo, Xo) in probability. Given
the underlying sample X,, = (X7,..., X])’, we can construct appropriate probability spaces
(2, A, Q) with random elements (X, X) and (X*, X*) such that

Q(X,)?) _ P(Xo,)?o)’ Q(X*,)?*) — pr(X5.X5)

and, because of (XS‘,)N(S) LN (X0, Xo) in probability,

(X*, X*) % (X, X) in P-probability (7.18)

according to the Skorohod representation theorem (Theorem 6.7 in Billingsley| (1999, p. 70)).
Here we can choose the canonical space, i.e. Q = supp{PX°} x supp{P*} x supp{P*¥0} x
supp{P**0} and A = B. The convergence in (7.18) means in particular that the distri-

butions (QX "X ")) are tight in probability. Therefore, we conclude from (B1)(ii) that
0 (|h*(X*,X*) ~ (X, X)| > 5) Ly veso.
Furthermore, from (B1)(ii) and (iii),
0 (|h*(X,5€) ~ X, X)| > 5) Pi0 veso,
which yields
R (X", X*) -2 h(X,X) in P-probability. (7.19)

In view of (i) of Remark [2 and (B1)(iv), ([*(X*, X*)]?) is uniformly integrable in proba-
bility. This implies in conjunction with ((7.19) that

Eq (h*(X*,f(*) - h(X,)?))2 L. (7.20)
Instead of (7-16) and (7.17), we consider the eigenvalue problems
[ Haw. ) vw) Q) = A w(w) (7.21)
and
/ Wi (w, 1) B () Q(dv) = A B(w), (7.22)

where hg(w,v) = h(X(w), X(v)) and he(w,v) = h* (X" (w), X*(v)). Tt can be easily verified
that ([7.21)) and (7.22)) have the same eigenvalues with the same multiplicities as ([7.16)) and
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(7.17)), respectively. To see this, suppose first that ® is an eigenfunction of ([7.16) to the
eigenvalue A, that is,

[ by @) PXo(ay) = A (a),
Define ¥(w) = ®(X(w)). Then

[ hoter w01 Q@) = [ hx(w), £e)eEE) Q)

= [ M@ 0)00) PY) = A BX () = A V),

that is, A is also an eigenvalue of (7.21)) and W is a corresponding eigenfunction. Vice versa,
suppose that U is an eigenfunction of (7.21)) to the eigenvalue A, that is,

/hQ(w,I/)\II(V)Q(dl/) = AU (w).

Since hg(w,v) = hg(w',v) if X(w) = X(w'), we obtain from the eigenvalue equation that
U(w) = ¥(w') if X(w) =X (). Therefore, we can define ® on the range of X as

O(x) = ¥(w) if z = X(w).
Now it follows, for z = X (w), that
[ raew) Py = [ hote,r)u0) Q@
= A¥(w) = X d(x),

that is, A is also an eigenvalue of ((7.16) and ® is a corresponding eigenfunction. Hence, we
obtain from Corollary XI1.9.4(a) and Exercise XI.8.44 in |Dunford and Schwartz (1963)) that

sup|Xf = Ml < 1T = 7]

_ \/// (ho(w.r) — ky(w.r)) QUdw) Q(dr)

_ \/EQ (e, X7) - h(X,)~()>2,

which yields in conjunction with ((7.20)) the assertion. O

Proof of Theorem[}.1. We denote by (A}); an enumeration of the positive eigenvalues of
E*[h*(z, X7)P(X])] = A ®(z) in nonincreasing order and according to their multiplicity and
by (®})r the corresponding orthonormal eigenfunctions. For sake of notational simplicity,
we set A} := 0 and ®;, = 0, Vk > L* if the number L* of nonzero eigenvalues is finite.
Again Mercer’s theorem (see Theorem 2 of |Sun| (2005)), this time with X = supp(P*X0))
yields

W (z,y) = YA @p(@) Pi(y), Y, y € supp(P*Y0).
k=1

We approximate this infinite series again by a finite one,

K
R (2, y) = > A @) h(y).
k=1



24

As an appropriate approximation to V, we use

= Ly o xp).

n
s,t=1

First we show that the error of this approximation can be made arbitrarily small if K is
sufficiently large. It follows from Lemma [4.2] that

K
E*VIO =Y L BN (@4(XG)?
k=1

Furthermore, we obtain from assumption (B1)(iv) that
E*V = E*h* (X, X3) -2 Eh(Xo, Xo) = EV,,
which implies in conjunction with V' > Vi (%) that
BV — v = prvr — v L g (7.23)

where 0 := E|V,, — V,iK)| — K00 0; see the proof of Theorem ﬂ Hence, it suffices to

(K)

study the asymptotics of V,;'"/. We will prove that

K
)L ST\ 22 in probability, (7.24)

where Z1, ..., Zk are independent standard normal variables and K < L. By Lemma
the continuous mapping theorem and the Cramér-Wold device, ([7.24) will follow from

K
IZYt LN N( Z ) in probability, (7.25)
k=1
where V" = Zszl ¢ 7(X7) and cq, ..., cx are arbitrary real numbers. In order to prove

this, we verify that the conditions of the CLT of McLeish| (1974) are fulfilled in probability.
Let 7 = o(X], ..., X}). Since

A EF (@ (XE) | Fila) = /E*[h*(vaZ‘) | Fia]®i(x) PYi(dz) = 0 a.s.,

we get
EY/|F-) =0 a.s. . (7.26)
Next,

LS 072 - BYE = o) (727)

has to be verified, which is equivalent to n™1 Y7 | (Y;*)? — E*[Y]? = op«(1) since EY{ =
EX Vg2 = S0, cz. Using the representation h*(z,z) = >, Aj(®}(x))? we conclude from
the uniform integrability of h*(X{, X() that ((®}(Xg))?), is also uniformly integrable.
Since additionally the bootstrap distributions and the empirical bootstrap distributions are
tight with probability tending to one, it suffices to prove

Z‘I’k,z,M — E"®p p(Xg) =op-(1) VEkI=1,....K MEeN, (7.28)
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where @,/ (z) = [(®}(2)®](x) A M)V (-M)]1(z € [-M, M]%). The basic idea of the
proof is to establish a coupling between variables that obey the bootstrap and the empirical
bootstrap law, respectively, such that their difference tends to zero. In order to Verify
, we then employ the equicontinuity (with probability tending to one) of (®; kil )

on supp —M, . e latter property can be concluded from ii) and the
P*Xo M, M]?%. Thel b luded f B1 d th
inequality

Ao (@h(z) — Dh(y))? < Z — ®i(y)?
=1
h*(z,

r) — h*(z,y) — h*(y,x) — h*(y,y), =, y¢€ supp(P*Xg).

Before constructing our coupling, we point out that the bootstrap distribution is a ran-
dom measure depending on X,, = (X{,...,X})" and the empirical bootstrap distribu-
tion is random as well, depending on X (X,,) = (X7(X,)), ..., (X:(X,))"). For sake of
clarity, we therefore introduce sequences of “favorable events” as follows: We choose a se-
quence of sets (X, )nen such that (h*) is equicontinuous on [—M, M]?¢Nsupp(PXoXn=n) x
supp(PXo1Xn=2n) and pXiXn=2n — pXo yniformly for any sequence (z,), with z, €
X,, n € N. Similarly, (X}), are defined such that PXrolXa(Xn)=5(en) — pXo uniformly
for all sequences (2}, (xn))n and (z,)n with z}, € X}, and z, € X,,. Here X};  is distributed
according to the empirical bootstrap dlstrlbutlon conditionally on X} (X ) According to
(B1)(i),(ii) the sequences of sets (X,,),, and (X},),, can be chosen such that P(X,, € X,,) — 1
and P(X} € X7 | X,, = x,,)—1 as n — oo uniformly for all (z,), with z,, € X,,. Now
we consider arbitrary but fixed sequences (x,), and (z}(zy)), as above. The coupling
can be established following the lines of the proof of the Skorohod representation theorem.
However, this result can not be applied directly since it is dedicated to derive a.s. conver-
gence from weak convergence in the case of a fixed limit measure. In contrast we intend
to construct a probability space (£2,.4, Q) such that there exist processes (Y,), and (Y;,)n
with Q¥» = PXilXn=zn Q¥n — pXaolXa(Xn)=20(@n) anq ¥, (w) — Vo (w)—0, Yw € Q.
Proceeding as in the proof of Skorohod’s representation theorem (see e.g. Theorem 6.7 in
Billingsley| (1999)), one can define (2,4, Q) as well as (Y,,), and (Y,,), with the desired
marginals such that Y,,(w)—Y (w) and Y, (w)—Y (w), Yw € Q, where Q¥ = PX1. This
in turn yields the aforementioned convergence of (Y, — Y,,),. The latter relation finally
implies

EQl@{7),(Ya) = 70 (V)] < < QUIVa — Yall2 < 8) + 2M Q(|Vs — Yall2 > 6) — ¢

IAR]

for any € > 0 and suitably chosen § = §(g) > 0. Here, @,gml"])\/[ denotes the version of ®  ,/

given X,, = z,. Summing up, (7.28)) and thus (7.27)) can be deduced.

Again from uniform integrability of ((®}(X())%)n, we obtain that
—ZE* (V)2 1Y > ev/n)] =50 Ve>0, (7.29)

that is, the Lindeberg condition is fulfilled in probability. From (7.26), (7.27) and (7.29)
we conclude that we can apply Theorem 2.4 from |[McLeish| (1974)), which proves (7.25]) and

therefore also ([7.24)). From (7.23)), (7.24]) and ([7.9) we obtain by Theorem 3.2 in Billingsley
(1999) the first assertion,

ANy in probability.

n
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The latter relation also implies
U: -% Z — Eh(Xo,Xo)  in probability. (7.30)

if additionally n=t "1 | h* (X}, X;)— Eh(Xo, Xo) = op+(1). Assumptions (B1)(i), (iv) yield
that (h*(X7,X7)) is uniformly integrable in probability. In view of (B1)(ii), we obtain
n~U SR L RH(XT, X)) A M)V (=M) — E[(h(Xo, Xo) A M)V (—M)] = op«(1) by invoking
Corollary 11.3.4 of Dudley] (1989). Combining both results, we get n=1 >"1 | h* (X}, X}) —
Eh(Xo, X0) = op+(1) and eventually ((7.30).

Finally, if additionally P(h(Xo, Xo) # 0) > 0, it follows from var(Z) = 23, A2 >0
that the random variable Z has a continuous distribution. In this case, the last assertion
of Theorem is an immediate consequence of the first one and of Theorem O

Proof of Proposition[{.1. We consider the V-type statistics only since the corresponding
results on U-statistics can be established in a similar manner. To show that

V@) = [ = 3 {2 + i (Bl [ @) + o),
t=1

we invoke the bootstrap counterpart of the decomposition ([7.10)). Denote the bootstrap
counterpart of S, by Si. Then, E* [ |5} (2)]|3 Q(dz) is bounded with probability tending
to one due to our moment assumptions. In view of the continuity assumption in (B2)(iv),
we obtain the counterpart of by Corollary 11.3.4 from Dudley (1989). (Note that
instead of a.s. convergence, we have stochastic convergence here.) Now the verification of
the analogues to (7.13]), (7.14) and ([7.15) is straightforward under (B2i

~

Therefore, we obtain the limits of U} (6,,) and V,*(6,,) by Theorem [4.1}if
~ . ~ /
W (2, y) :/{hl(xl,z,en) + B (X5, 2 00)] 22 }

x { By, 2, 00) + B[ (X5, 2,0)] 2 } Q(d2)
satisfies (B1)(ii) to (v). Invoking the Cauchy-Schwarz inequality, (B1)(ii) results from

(B2)(iii),(iv). Next, we have to show that h*(x,y) N h(z,y), where h is defined as in
Proposition It follows from (B2)(iii) and 0, 2> 6o, that

[ {merz00} {200} Q@) > [ e z00) (.00} Q).

The desired convergence of [{E* [h1 (X3, 2, é\n)] xo Y {E*[hy (X5, 2, é\n)] Y2} Q(dz) follows from
(X7, 0,) LN (X1,00) and (B2)(iv). To this end, note that

J{h1(x1,2,0)} {h1(x2,2,0)} Q(dz) is continuous in (z,z%,6") under (B2)(iv). It remains
to verify

/{hl(xl,z,an)}l {E*[hl(XE)ka,gn)]yz} Q(dz)
i /{h1($172790)}/{EQO[hl(X()’Z’QO)]yQ} Q(dz)

On the one hand,
/ {1, 2,80) = (1,2, 00) } {E (X5, 2,8) 12} Qa2) = op(1).

On the other hand, [{hi(z1,z,600)Y{[E*[hi(XE, 2, 0,)] — Eg,[h1(Xo, 2z, 00)] y2} Q(d2) is

asymptotically negligible under the moment assumptions of (B2)(iv) since (X7 .0,) LN
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(X1,6p) and because of the continuity of [{hy(z1,2,60)}{h1(y1,2,0)} Q(dz) in (y;,8').

Similarly we obtain (B1)(iv) from (B2)(iii),(iv) and the relation (X7, §n) N (X1,600). The
validity of (B1)(v) is obvious, which finally allows for the application of Theorem O

Proof of Lemmal[5.9 It suffices to construct a coupling such that, for arbitrary ¢ > 0,

P <nlzmm{\|xt* — Xill2,1} > e> — 0. (7.31)
t=1

The main difficulty arises from the fact that the parameter controlling the process ((Y;*, A\}) )iz,
§n, is random. In this sense, we have to deal with a triangular scheme of processes and
we cannot use, for example, the ergodic theorem here. To circumvent this problem, we
construct a coupling of ((Yz, \t))tez with a whole family of processes, with parameters 6 in
a neighborhood of 6.

As in |[Fokianos, Rahbek and Tjgstheim (2009)), we draw all Poisson random variables
from a family of independent Poisson processes (N¢(A))xep,00)s t € Z, with intensity
functions equal to 1. For any parameter § € ©, we contruct the corresponding process

as follows. For any fixed K € Z, we begin the construction by setting )\(K) = 0 and
Y[((K) =N K(Ag{)) = 0. Provided )\%{), Y[((K) )\EKl), t( 1) are defined, we define the next

) and we set Y;( ) = Nt()\gK)).
(K)

Finally, we define, for all t € Z, A, = limg__oo A and ¥; = limg_, oo ¥, ). Since
the contractive property is fulfilled for § € O, these limits exist and ((Yz, ) )iez is a

intensity according to the model equation, /\,g ) =0 —1—921/;(_1

stationary and ergodic version of the bivariate process with parameter 6. Since 6, is a
consistent estimator of y, the bootstrap process ((Y;*, A\}))tcz can be sandwiched by two
processes ((Y;7, A1) )iez and ((Y,7, A, ) )iez that are sufficiently close to the original pro-
cess. For some § > 0, we set 6 = 0p1 + 6, 05 = 6p2 + 6 and 6] = max{f; — 6,0},
05 = max{fy2 — §,0}. We denote by ((Y;",\[))iez and ((Y;”,\; ) )iez those processes
generated as decribed above, with parameters (6;,605)" and (67,65 )’, respectively.

Let K(0) = max{E|\ — \e|, E|]A\; — \|}. We can show that

K(8) .= 0. (7.32)

Now we obtain by the ergodic theorem that

P (n‘IZ\)\?—)\t! > 2K(6)> + P <n‘1ZIY;’—Yt| > 2K(5)> —2 0, (7.33)
t=1 t=0

where the index o stands for + or -

Now we can make use of the fact that the random variables \; = )\t(G) and Y; = Y;(0)
are monotone in both components of 0. If 0] < Hn 1 < 9+ and 0, < 0n2 < 92 , then we
obtain from the above construction that \; § A < )\+ and Y, <Y< YJr for all ¢t € Z.
Since the least squares estimator is consistent, we have

P (91— <0p1 <0F and 65 <0,5< 9;) — 1,

n—oo

which yields that

P <n—12w — | > 21((5)) + P (n—lzm* Y > 2K(5)> — 0 (7.34)
t=1

t=0
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As for the [}, note first that it follows from the above calculations that

M* = < ! no 3 Yt > converges in probability to the matrix M
T Y e (V)P '

S

Therefore, with a probability tending to 1, 8 has an explicit representation as

G = ()t L < Yy )
ni Y ve )

an—en nZ<Y;*1Y* )\*))

t=1

which implies that

It follows from Proposition 6 of Ferland, Latour and Oraichi (2006) that all moments
of Y;* are bounded in probability. Therefore, we obtain that E*(n=1/2 37" (V;* — )% =
E* (Y~ A)? = Op(1) and B*(n=Y2 0, V7 (Vi = A0))? = B[V 2(¥7 —AD)H = Op(1).
Hence, we can replace the random matrix M™* by its nonrandom limit and obtain

1 n
=~ D L+ op(nY?),
" t=1

Y — A
: * —1 t t
with [ = M ( YL (Y = A ) Now we can deduce from ([7.34)) that
n
—1 . x -t
P <n ;1 min{||l; — l¢|]2,1} > K(5)> — 0, (7.35)
for some K (9) 2 0. (7.34]) and ([7.35)) imply ([7.31]), which completes the proof. O
—00
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